Cracking is responsible for the vast majority of masonry non-linear behaviour, due to the low tensile strength of the material. Masonry features orthotropic behaviour with material axes normal and parallel to the bed joints, being the response straightforward for tension normal to the bed joints and rather complex for tension parallel to the bed joints. This paper addresses the formulation and implementation of coupling between a micro-mechanical homogenisation model and an isotropic damage model for the masonry components. The non-linear homogenisation formulation requires an improved internal deformation mode of the masonry basic cell, with respect to previous works. Finally, the model is validated with a comparison with numerical results available in the literature, using interface modelling.
Introduction
Masonry is a heterogeneous material that consists of units and joints.
Units are such as bricks, blocks, ashlars, adobes, irregular stones and others.
Mortar can be clay, bitumen, chalk, lime/cement based mortar, glue or other.
The huge number of possible combinations generated by the geometry, nature and arrangement of units as well as the characteristics of mortars raises doubts about the accuracy of the term "masonry". Still, much information can be gained from the study of regular masonry structures, in which a periodic repetition of the microstructure occurs due to a constant arrangement of the units (or constant bond).
The difficulties in performing advanced testing of this type of structures are quite large due to the innumerable variations of masonry, the large scatter of in situ material properties and the impossibility of reproducing it all in a specimen. Therefore, most of the advanced experimental research carried out in the last decades concentrated in brick / block masonry and its relevance for design. Accurate modelling requires a comprehensive experimental description of the material, which seems mostly available at the present state of knowledge, see e.g. CUR (1997) and Lourenço (1998) for a review.
The present paper focuses on a particular possibility of non-linear analysis of masonry structures, making use of homogenisation techniques.
Cracking is responsible for the vast majority of masonry non-linear behaviour, due to the low tensile strength of the material. The problem of simulating the composite behaviour of masonry under tension must be addressed along the masonry material axes, namely the direction defined by the parallel and the normal to the bed joints. Loading normal to the bed joints is usually simple to describe as the cracks localise in the unit-mortar interface. Loading parallel to the bed joints is difficult to describe and simulate because the response results from a complex interaction of the interface and unit, both in the case of a stepped crack through head and bed joints, and in the case of a straight crack through unit and head joints.
Therefore, in the present paper, a homogenisation formulation based on the observation of the deformation of masonry, Zucchini and Lourenço (2002) is extended with a damage model and is validated for the case of masonry under uniaxial tension parallel to the bed joints. With this development, the obtained model is able to reproduce the behaviour of most masonry structures, in which non-linearities are due to cracking.
Modelling Masonry Structures
In general, the approach towards the numerical representation of masonry can focus on the micro-modelling of the individual components, viz. unit (brick, block, etc.) and mortar, or the macro-modelling of masonry as a composite, Rots (1991) . Depending on the level of accuracy and the simplicity desired, it is possible to use the following modelling strategies, see • Detailed micro-modelling -units and mortar in the joints are represented by continuum elements whereas the unit-mortar interface is represented by discontinuum elements;
• Simplified micro-modelling -expanded units are represented by continuum elements whereas the behaviour of the mortar joints and unit-mortar interface is lumped in discontinuum elements;
• Macro-modelling -units, mortar and unit-mortar interface are smeared out in a homogeneous continuum.
In the first approach, Young's modulus, Poisson's ratio and, optionally, inelastic properties of both unit and mortar are taken into account. The interface represents a potential crack/slip plane with initial dummy stiffness to avoid interpenetration of the continuum. This enables the combined action of unit, mortar and interface to be studied under a magnifying glass.
In the second approach, each joint, consisting of mortar and the two unitmortar interfaces, is lumped into an average interface while the units are expanded in order to keep the geometry unchanged. Masonry is thus considered as a set of elastic blocks bonded by potential fracture/slip lines at the joints. Accuracy is lost since Poisson's effect of the mortar is not included. The third approach does not make a distinction between individual units and joints but treats masonry as a homogeneous anisotropic continuum. One modelling strategy cannot be preferred over the other because different application fields exist for micro-and macro-models. In particular, micro-modelling studies are necessary to give a better understanding about the local behaviour of masonry structures.
It is noted that different levels of sophistication can also be adopted to create structural models, namely structural component models or continuum structural models (macro-modelling approaches) and discontinuum structural models (a micro-modelling approach). Difficulties of conceiving and implementing macro-models for the analysis of masonry structures arise especially due to the intrinsic complexity of formulating anisotropic inelastic behaviour. Only a reduced number of authors tried to develop specific models for the analysis of masonry structures, e.g. Dhanasekar et al. (1985) , Lourenço et al. (1998) , Berto et al. (2002) , using different inelastic criteria for tension and compression. Therefore, the homogenisation techniques shown in Fig. 2 , which permit to establish constitutive relations in terms of averaged stresses and strains from the geometry and constitutive relations of the individual components, can represent a step forward in masonry modelling, mostly because of the possibility to use standard material models and software codes for isotropic materials.
The most popular homogenisation approach replaces the complex geometry of the basic cell by a simplified geometry so that a close-form solution of the homogenisation problem is possible, e.g. Pande et al. (1989) and Maier et al. (1991) . The homogenisation has generally been performed in two steps, head (or vertical) and bed (or horizontal) joints being introduced successively. The use of two separate homogenisation steps does not explicitly account for the regular offset of vertical mortar joints belonging to two consecutive layered unit courses, which results in significant errors in the case of non-linear analysis.
To overcome these issues, micromechanical homogenisation approaches that consider additional internal deformation mechanisms have been derived, independently, by van der Pluijm (1999), Lopez et al. (1999) and Zucchini and Lourenço (2002) .
Formulation of the micro-mechanical model

General
As shown in Zucchini and Lourenço (2002) , the mechanical properties of an orthotropic material equivalent to the basic masonry cell can be derived from a suitable micromechanical model with the introduction of appropriate deformation mechanisms, which take into account the staggered alignment of the units in a masonry wall. The unknown internal stresses and strains can be found from equilibrium equations at the interfaces between the basic cell components, with a few ingenious assumptions on the cross joint behaviour and on the kinematics of the basic cell deformation. The equivalent properties of the homogenised material are then easily derived by forcing the macro-deformation of the model and of the material to be the same, meaning that both systems must contain the same strain energy. Fig. 3 shows the geometry considered in the present paper for the basic masonry cell and its components.
Equilibrium equations
As referred before, this paper addresses specifically the problem of a basic masonry cell under tensile loading parallel to the bed joint. When the basic cell is loaded only with normal stresses, the micromechanical model of Zucchini and Lourenço (2002) assumes that all shear stresses and strains inside the basic cell can be neglected, except the in-plane shear stress and strain (σ xy and ε xy ) in the bed joint and in the unit. The non-zero stresses and strains have been assumed to be constant in each basic cell component, with the exception of the normal stress σ xx in the unit, which is a linear function of x and accounts for the effect of the shear σ xy in the bed joint, and with the exception of the shear stress σ xy in the unit, which is linear in y. For the undamaged (elastic) basic cell, the following linear system of 20 equations and 24 variables (the internal and boundary stresses and strains) has been obtained in the case of tension parallel to the bed joint, Zucchini and Lourenço (2002) The last two equations of the system (Eqs. (11)- (12)) have been derived introducing the shear deformation of the bed joint: the elastic mismatch between the normal x strains in the unit and in the joints is responsible for the shear in the bed joint because of the staggered alignment of the units in a masonry wall, see Fig. 5 and Zucchini and Lourenço (2002) . It is noted that the shear deformation of the unit was neglected in the derivation of Eq.(11).
Improved unit model
Application of the model described above to non-linear analysis has shown that, for thin mortar joints, e.g. as in the case of Lourenço et al. (1999) , where the ratio between the thickness of the joint and the height of the unit, t / h, is as low as 0.005, the results deviate from the solution obtained by a full micro-modelling finite element analysis. In this case, it has been found that neglecting the shear deformation of the unit, as done by the original model, leads to an overestimation of the masonry stiffness. An improved shear mechanism of the basic cell, in the case of normal stress parallel to the bed joint, has therefore been developed, using a more refined model for the shear deformation of the unit.
The stress problem of a single unit subjected to the loading conditions shown in Fig. 6 are first addressed. Such assumed loading conditions are of interest for tensile behaviour of the basic cell parallel to the bed joint. The next step is to find an approximation of the stress-strain fields in the unit, capable of reproducing the following boundary conditions:
Here, u represents the horizontal displacements in the unit, and b1, b2
represent the left and right edges of the unit. Eq. (16) (17)- (18), and not locally.
Eq. (15) and Eq. (17)- (18) define the average stresses on the sides of the unit due to the interaction of the unit with the boundary. These boundary stresses are used to formulate the internal equilibrium of the cell, see Section 3.2.
For simplicity, a bilinear form for the shear stress will be assumed, as (24) is clearly an approximation which characterizes the new deformation mode of the unit in the basic cell. Due to the impossibility of obtaining an explicit solution for the boundary value problem, the adequacy of the adopted assumptions and of the adopted mechanism can only be assessed, a posteriori, from a comparison with a micro-modelling finite element solution. The problem of the single unit in Fig. 6 has been analysed by FEM for a length to height ratio of the unit l / h = 1÷3 and a thickness ratio of the unit equal to six, as in the masonry geometry of Lourenço et al.(1999) . 
Extension of the formulation to accommodate inelastic behaviour
To simulate the inelastic deformation of masonry in tension, the micromechanical model, detailed in the previous section, has to be coupled with a non-linear constitutive model. Here, damage mechanics has been adopted to represent the inelastic behaviour of the cell basic components.
Because the three-dimensional micromechanical model attempts to simulate the discrete internal structure of the basic cell, and implicitly the global anisotropic behaviour, the damage in each homogeneous isotropic component (joint or unit) must be taken into account. The advantage of this approach is that, for each component, an isotropic scalar damage model, with a single parameter, can be utilised, with obvious gains in simplicity and easiness of implementation.
Formulation of the isotropic damage model
Continuum damage mechanics allows an effective simulation of the progressive deterioration of the mechanical properties, under increasing loading, in quasi-brittle materials such as concrete, rocks and masonry. The dissipative effects of micro-cracking in the material are taken into account by means of internal state variables, which affect the material strength and stiffness. In this work an isotropic damage model with a single damage variable in tension for each component of the basic cell has been adopted, see e.g. Mazars(1986) , Mazars and Pijaudier-Cabot (1989) , and Scotta et al. 
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where d is a scalar value, ranging from 0 to 1 and representing the local damage parameter, D is the elastic stiffness matrix and ε ε ε ε is the strain tensor.
b) Limit damage surface
The limit damage surface is given by
where σ is the equivalent effective stress, a scalar function of the undamaged stress, and t σ is the tensile strength of the given cell component.
c) Equivalent effective stress
The equivalent effective stress is here defined as the maximum principal tensile stress p σ :
In this work, the explicit function, proposed by Oliver et al. (1990) for concrete-like materials, is adopted:
where A is a parameter chosen to reproduce the observed experimental behaviour, and the irreversibility of the damage process is accounted for by updating the damage coefficient only for increasing values. 
"Damaged" equilibrium equations
Under increasing loading, the elastic micromechanical model of the cell has to be modified to take into account the material degradation of the cell and the consequent reduction of the load carrying capacity of each component. In the damaged cell model the different joints have the same Young modulus and differ only for the damage coefficient. The four unknown stresses and strains in the cross joint can be eliminated, in the system of Eqs. (55)- (66), by means of the following relations, cf. Eqs. (13)- (14), 
Iterative coupled algorithm
The micromechanical model of the internal structure of a damaged masonry cell has been coupled with the isotropic scalar damage model of its components, using the algorithm shown in Fig. 9 . The outer loop is a cycle related to the incremental loading steps, as usual in strain driven problems, 
Definition of the crack opening width
Damage models usually assume a uniform distribution of microcracks in the damaged material. Therefore, a clearly defined unique crack with a welldefined opening width does not exist. Here, opening of the head joint in a single basic cell is given by: Lourenço et al. (1999) , localizes only on half unit (Fig. 11) , the contribution to the head joint displacement due to the bed fracture will come only from one basic cell, leading therefore to: 
Results
The algorithm described in the present paper has been implemented in a numerical program for the simulation of a masonry cell under normal tensile stresses. In order to check its performance, the algorithm has been tested in the fracture problem of an infinitely long wall under tensile loading parallel to the bed joint (Fig. 12) , which has been analysed by Lourenco et al. (1999) with a sophisticated finite element interface model based on multisurface plasticity. This model consists of two half units in the vertical direction and of two and a half units in the horizontal direction. In the middle of the specimen a potential crack/slip line through head and bed joints is included.
The unit dimensions are 900 × 600 × 100 mm 3 . With the new model, only the central basic cell in the wall is represented, but such approach does not introduce any qualitative difference with the original problem, because the relation between tensile stress and crack opening is independent from the specimen length.
The two models can be compared exactly in the case of zero dilatancy angle. In this case there is no vertical compression of the bed joint and therefore the shear strength of the mortar in the Coulomb friction model is constant and equal to the initial cohesion of the joint. The adopted material properties are given in are very close to the expected value. The main difference is in the elastic stiffness of the cell with failed head joints, which in the damage model is about 15% higher than in the FEM analysis and reflects the same difference for the failure load of the bed joint.
Conclusions
Recently, a micro-mechanical homogenisation technique for masonry has been successfully developed, Zucchini and Lourenço (2002) , by introducing new additional deformation modes in the model, resulting from the staggered alignment of the units in the composite. In this paper, an improved additional deformation mode is considered, the formulation is derived and the algorithm is applied to a non-linear problem. The problem considered is the simulation of the behaviour of a basic cell up to complete failure, under tensile loading parallel to the bed joint. Basic cell for masonry and homogenisation process. Infinitely long masonry wall under tensile loading parallel to the bed joints. Tables   Table 1. Elastic and inelastic properties of the masonry cell. 
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